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DYNAMIC RESPONSE OF A RIGID PLASTIC
CLAMPED BEAM STRUCK BY A MASS AT ANY

POINT ON THE SPAN
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Department of Mechanical Engineering. University of liverpool. P.O. Box 147.

liverpooll69 3BX. U.K.

(Receir'ed I June 1987)

Abstrad-Theoretical analyses are presented which examine the transverse shear and bending
response and the influence of finite deflections on the behaviour of rigid. perfectly plastic clamped
beams struck transversely by a mass at any point on the span. It transpires that the transverse shear
force may dominate the entire response when the impa<;t point is close to the support. However.
the membrane force also plays an important role when the transverse deformation is larger than
the beam thickness. approltimately.
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width of ocam
defined by eqn (Ill)
mass of striker
thickness of beam
bending moment
fully plastic bending moment of cHlss-S'-'{;tion
membrane force
fully plastic membrane force ofcross'Sl,'{;tion
shear force
fully p[;lstic transverse shear for<;e of cross-section
shear forces ,It the right· and left·hand side of section adja<;entto the impact point. respectively
time
initial impact velocity
transverse displacement of beam
Wil,
transverse displacement at the impact point
displacement at the impact point when the travelling plastic hinge on the right-hand side reaches
the right-hand support
displacement at the impact point when the travelling plastic hinge on the left-hand side reaches
the left-hand support
transverse displacements at the right· and lc:ft-hand side of beam adjacent to the impact point.
respectively
shear sliding displacements at the right· and left-hand side of the impact point. respectively
maximum permanent deformation
location of the travelling plastic hinges on the right- and left-hand sides of a beam, respectively
defined by eqn (20b)
ml,/G
mass per unit length of beam
QIQo. QIO/QO' Ql,,/Qo
I,ill
MoT/GVol,
times when right- and left-hand travelling hinges reach the right- and left-hand supports.
respcctivc:ly
time when shear sliding ceases
times when shear sliding ceases at right- or left-hand side of the impact point (I" < 102 )
time when displacement of beam ceaSt:s
GV~2Mo
altial coordinate
x/II
a,/I,.alll,
Nol,/4Mo
static yield stress
QoI,/2Mo. Qoll/2.\f 0

half span of beam
lengths of parts of hcam defined in Fig. 2(a) (II ~ IJ
c( )/01.

t On leave from Huazhong University of Science and Technology. Wuhan. China.
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Fig, I. Plaslic yield condilions.

1. INTRODUCTION

Il has been demonstrated in previous work that the transverse shear force may exercise a
more important influence on the response of dynamically loaded rigid. perfectly plastic
structures than in the corresponding static loading cases[ IJ. The initial transverse shear
forces according to classical (bending only) theories arc infinitely large at the boundaries
of loaded zones in rigid. perfectly plastic beams. plates and shells subjected to an impulsive
loading[2-5] or struck by a mass[6-8]. By way of contrast. the transverse shear forces in a
statically loaded structure arc finite in order to satisfy the transverse equilibrium conditions.
Indeed beams. for example. may fail due to excessive transverse shear force at the supports
when subjected to impulsive velocities[9] or at the impact point when struck by a mass[IOJ.
Transverse shear effects pl'ly an important role in a structure which responds with higher
modal deformation forms[ll] and dominate the behaviour of ideal fibre-reinforced
beams[12J and plates[13].

When a rigid. perfectly plastic beam with axial restraints at its supports is subjected to
a large dynamic load. a significant discrepancy is observed between experimental results
and a theoretical analysis which ignores the influence of finite dcflections[7. 10. 14J. In this
case. the membrane force plays an important role in the beam behaviour. A fully clamped
beam may enter a string state when the maximum transverse deformation is larger than the
beam thickness. approximatcly[7. 14. 15]. Symonds and Mentcl[15] and other authors[lO.
14, 16] assume that the membrane force N is constant throughout a beam which is suggested
by the in-plane equilibrium equations when axial inertia is neglected. In order to simplify
theoretical analyses. some authors[lO. 1+-16J have employed the approximate square yield
curve in Fig. 1(a) instead of the more exact parabolic yield curve which is also shown in
Fig. I(a). It transpires that theoretical solutions using approximate square yield curves
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Fig. 2. Clamped beam struck transversely by a mass G.

appear to bound those relating to the parabolic yield curve and also give good agreement
with the corresponding experimental results[lO. 14. 16].

The dynamic response of a rigid. perfectly plastic clamped beam due to an impact
loading has been examined by several authors[6. 7. 17]. The extension of this work to
examine the shear and bending response and the influence of finite deflections on a clamped
beam struck transversely by a mass at any point of its span. as shown in Fig. 2. is presented
in Sections 2 and 3 of this paper for some particular cases which correspond to the
experimental tests conducted recently in the Department of Mechanical Engineering at the
University of Liverpool.t

The beam has a length I, + I ~ = 21 and mass m per unit length and is struck at a point
I. from the right-hand support by a mass G travelling with an initial velocity Vo as shown
in Fig. 2. Arter impact. the striker G is assumed to remain in contact with the beam.
Therefore. the striker and the struck point of the beam have an initial velocity Vo at the
instant of cont,tct and a common velocity throughout the entire response. Without loss of
generality. the dimension I, can be taken sm;.tller than 11,

2. SIIEAR AND BENDING RESPONSE OF A RIGID. PERFECTLY PLASTIC CLAMPED BEAM
STRUCK TRANSVERSELY BY A MASS AT ANY POINT IN ITS SPAN

The plastic yielding of a beam is controlled by the square yield curve relating the
transverse shear force and bending moment as shown in Fig. l(b) [8, 17]. It is evident from
Refs [7, 8. 17] that the transverse velocity profile of a beam may change with the magnitude
v, = Qo/,/2Moor v~ = Qo/1/2Mo when the finite shear strength ofa material is considered.
The membrane force is neglected in this section. i.e. N = O.

2.1. Basic: equations
It is assumed that a stationary plastic bending hinge develops at the impact point x = 0

with two travelling bending hinges at x = a, and -a2 which move towards the supports
when a beam is struck by a mass G. The two parts of a beam between the stationary plastic
hinge and the travelling hinges rotate as rigid bodies about the travelling hinges while the
rest of a beam beyond the travelling hinges remains undeformed. This velocity profile is
shown in Fig. 3(a) and may be written

O. -1/r~=~-z2

W2(I +=/=2). -=r ~ =~ 0-

W(=) = ~Vl).

W,(I-=/=,).
o.

==0
0" ~=~=I
=t ~ =~ I

(Ia-e)

t The experimental results will be reported in a subsequent paper.
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Fig. 3. Motion of a beam with two travelling plastic bending hinges. one stationary plastic bending
hinge and two transverse shear slides.

where

== xii" =, = a,ll" =! = a!II,. r = I,ll!

W= WII" n = D( )/cr. r = /vIuTIGVu/,

(2a-d)

(2e-g)

Wo is the dimensionless velocity at the impact point and W, and ~V! are the dimensionless
v~locit!es on the right- a!1d le~t.hand sides adjacent to the impact point, respectively. i.e.
W= W,atz=O+and W= W1at:=0-.

The transverse and moment equilibrium equations for the regions 0+ ~ : ~ =1 and
-zi ~ z ~ 0'- in Fig. 3(b) together with the transverse equilibrium equation at the impact
point are

=1 ~V, + ~V,=,/2 = -12u(1 +q,o~',:dlg=,

=1 ~VI + If',=, = -8uv,lf,olg

=!~f'!+ ~f'!=2/2 = -12u(l-q!ov,=!)/g=!

=! IV! + IV!=! = 8m',q!o!.q

and

since the transverse shear force is zero at the plastic bending hinges and where

(3a)

(3b)

(3c)

(3d)

(3e)
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Fig. 4. First phase of motion for shear and bending response with 3 < v I ~ v: (Case I).
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2.2. Case I. 3 < "~I ~ V2

2.2.1. Phase I. 0 ~ I < I,. It is evident from Refs [7, 8. 17] that after impact. transverse
shear sliding occurs on both sides of the impact point (= = 0" and 0 -) where the dimen­
sionless shear forces qlo = -qzo = -I. A stationary plastic bending hinge is formed
at == 0 while two stationary plastic bending hinges develop at :: = :: I < I and
:: = -::2 > -I/r when 3 < VI ~ V1' The associated transverse velocity profile is shown in
Fig. 4 and is described by eqns (I).

Equations (3) with qlo = -q10 = -I and =, = =1 = 0 give

and

::~ W, = -12u(l- v.=,)/g

Z, WI = 8uv,/g

d Wz = -12u(\ - v,=z)/g

=z Wz = 8uv,/g

Now, solving eqns (5), we obtain =z = =" Wz = W" WZ = ~V,

'"I = 3/v" WI = 8v~u//3g, Wo = 2u-8uv l/

WI = 4v~ulz/3g, Wo = 2u/-4I1v,/z

(5'1)

(5b)

(5c)

(5d)

(5e)

(6a---e)

(6d.e)

when satisfying the initial conditions WI = Wz = O. ~V, = ~t·z = 0, Wo = 2u and ~t·o = 0
at I = O. . . .

Transverse shear sliding ceases when WI = Wz = ~VO which occurs at

It may be shown that the transverse deformations in the beam at time I, are

~vo(t,) = 3ug(v, +3g/2)/{2vl(v, +3g)2}

WI(/.) = W2(t,) = 3ug/{4(v, +3g)2}

and

(7)

(8a)

(8b)
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Fig. 5. St:cond phase of motion for shear and bending response in Case I (N = 0 along the beam).
or first phase of motion for dynamic response with the innuence of finite dencctions (N = No and

V2 ~ V, -0 00).

(8c)

where WI' and ~V!, arc the transverse shear sliding accumulated during this phase on the
right- and left-hand side or the impact point, respect,ivcly. . .

2.2.2. Phase 2. (. < ( ~ (I' It is observed that Wo = WI = W! and z, = Z2 at the end
or phase I. It is now assumed that =Iand =2 are a runction or time (during this phase which
leads to the transverse velocity profile shown in Fig. 5.

Equations (3) with =1 = =!, q,o = -q!() and Wo = WI = W2 give

(9a)

and

when using =1 = 3/v, and WI = 2uvl/(vl+3g) at (= (,.
Equations (9) can be rewritten

:.: .., .:...,
W,(1-4tr/Wj)-24ug = 0

and

g=;;(1 +=,g) = 12(.

When =1 = I, eqns (lOb) and (9b) give

(I = g/{ 12(1 +g)}

and

rntegrating eqn (lOa) after multiplying by WI. we obtain

(9b)

(lOa)

(lOb)

(1Ia)

(lib)
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Fig. 6. Third phase of motion for shear and bending response in Case I. or second phase of motion

with the inlluence of linite dellections.

(12a)

where

or

(12b)

Substituting eqn (lib) into eqns (12) gives

W,(td = W2(td = u{ 1/(1 +g)2 - (VI -3g)/(v , +3g) -2 In [(VI +3g)/(v, + v,g)]}/12g.

(13)

2.2.3. Phase 3, (I < t ~ (2' The right-hand travelling plastic hinge reaches the right­
hand support. at ( =: (I w~ere it remains throughout this phase of motion. Thus, Z I = I,
=1 = 0 and Wo = WI = W2 and the associated transverse velocity profile is shown in
Fig. 6.

Equations (3a) and (3c)-(3e) with =, = I, =1 = 0 and Wo = WI = W2 predict

(14a)

and

(14b)

which, when integrated become

(15a)

and

(15b)

respectively, where

B = gW,«(,)=~(td/l2u and C = [gZ2«(I)/4u+ 1/2u+g/6u]W\(td. (15c,d)
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Fig. 7. Final phase I,f motion for shear and bending resp,'nsc in Case I. or final phase of motion
with the intluenee of linite del1ections.

Equations (15) predict that

~VI = 1211(8+C)/D

while eqns (14a) and (16) give

where

Now, WI = Z1UWI/iJ=2, which using eqns (16) and (17), becomes

It may be shown when integrating eqn (19) that

( 16)

( 17)

( 18)

( 19)

~VI = 0.5I1y(8+ C) 2{(36=1 + 54)/[D(y - 24)]- (18: 2 + 12 + 36/y)/D 2

+3/(:2)/(y-24)}I~;(lII+ W1(td (20a)

where

{

24 [ 2Y:2 + 39 ]-- arctan . for 9 < 24
/(=2) = Jeq(24-g» J(g(24-g»

12 In [29=1+ 39-J(9(9-24»] for 9 > 24
JCq(g-24» 2g=2 +3y+ J(g(g- 24»

(20b)

and B. C and D are defined by eqns (15c). (15d) and (18). respectively.
2.2.4. Phase 4.1 1 < 1 ~ I r. The left-hand side travelling plastic hinge at == - =1 reaches

the left-hand support at 1 = 11 after which the two parts of the beam rotate as rigid bodies
until all the initial kinetic energy has been dissipated as plastic work. The transverse velocity
profile during this final phase of motion is shown in Fig. 7.
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Fig. 8. First phase of motion for shear and bending response with I < V, ,;;; 3 and V 2 > 3 (Case II).

Equations (3a), (3c), and (3e) with =1 = I, =1 = 0, =2 = Ilr, =2 = Oand Wo = WI = ~V2
give

[(I +r)gI3+r] WI = -4ur(1 +r)

which may be integrated to prcdid

and

(21 )

(22a)

Motion ceases at t = tr when ~V = 0 and, therefore

t( = WI (t 2) [r+(1 +r)gI3]/[4ur(1 +r)]+t2

with an associated permanent transverse deformation of the beam

(23a)

(23b)

where WI(t2) and WI(t2) are the respective velocity and deformation at the right-hand side
of the impact point when t = 12,

The maximum permanent transverse deformation at the impact point is

(23c)

where Wit is given by eqn (8c) and is the shear sliding deformation at the right-hand side
of the impact point.

2.3. Case II, I < VI ~ 3 ami 3 < \'2

Equation (6a) shows that if VI < 3 then =1 ~ I and the velocity profile in Fig. 4 is no
longer valid. Therefore, it is assumed that a stationary plastic hinge occurs at the right­
hand support for beams having VI ~ 3 as shown in Fig. 8.

2.3.1. Phase I, 0 ~ t ~ 1'1' After impact, the mechanics of motion are the same as
those in Section 2.2.1 except the right-hand plastic bending hinge now remains at the right­
hand support where z = I as shown in Fig. 8.

Equations (3a) and (3c)-(3e) with =1 = I, i l = 0, qlo = -I, q20 = I and i 2 = 0 give
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Fig. 9. Case II with 1.5 ~ VI < 3 for 1.1 < I ~ I. z-

=z :;:: 3/v l• Wo :;:: 2u-8v,ut. WI:;:: 12u(vl - I)I/g

WZ :;:: 8ltvi113g. Wo = 2UI-4w'1/2, WI:;:: -6u(l-vl)t2Ig

(24a-e)

(24d-f)

(24g)

since Wo = 2u. WI =.Wz =.0 and Wo = WI = W2 = 0 at t = O. It is evident from eqns
(24c) and (24d) that WI ~ Wzwhen 3/2 ~ VI ~ 3. Therefore, the shear sliding on the right­
hand side of the impact point first stops if 3/2 ~ v I ~ 3. while the left-hal)d sid~ ceases at
an earlier time when I < VI < 3/2. Equations (24) for 3/2 ~ VI ~ 3, give Wo = W, at

while for I < VI < 3/2, ~tro = Wzat

1.1 = 3g/{4vl (VI +3g)} and W2, = 3ug/{4v l (VI +3g)}.

(25a, b)

(26a, b)

2.3.2. Phase 2. t. 1 < t ~ t'2' It was found in the previous section for 3/2 ~ V I ~ 3 that
shear sliding stops at == 0+ when t = t,l' while the other transverse shear slide at z =0­
c9ntinu~sand gives the velocity profile shown in Fig. 9. Equations (3a) and (3c)-(3e) with
Wo =: Wb Q20 =: I, =1 =: I. =, = 0 and =2 = 0 give

WI =: -12u(1 +v.)t/(3+g)+6u/(3+g). (27a-e)

WI = -6u(l+v.)/21(3+g)+6utl(3+g)-3ug/{2(3+g)(2v,g-3+3v,)} (27d)

Wz =: 4uv;t Z/3g (27e)

and

(27f)

. The subsequent motion is t~e same as phases 3 and 4 in Case I with I h =z(t I) and
WI(/d replaced by t. 2• 3/\', and WI(/d. respectively.
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Fig. 10. Case II with I < VI < 1.5 for 1. , < I ~ 1.2,

For I < VI < 3/2. shear sliding ceases at == 0- when I = 1'1' -:vhile s~earing continues at
z = 0+ as shown in Fig. 10. Equations (3a) and (3c)-(3e) with Wo = W2• q\O = -I. z\ = I
and =1 = 0 give

~t-I = 12u(v\ -I)I/g. WI = 611(V I _1)/ 2/g

gW2=i/12u = 21 and (2+.q=2)~t-2/8I1VI = 1/2v,-1

which may be rearranged in the form

or

W2 = 2u+3ugl-4uvl l-uJ(3gl(3g1-8vl 1+4»

and

Now. integrating eqn (29b) with respect to time I. we obtain

(28a. b)

(28c.d)

(29a)

(29b)

(29c)

where

(30a)

and

{
b2(8aJa) - I In [2al +b +2J(al(al +h»]

f(/) =
b2(8aJ-a)-1 arcsin [-(2al+h)/h]

Equations (28a) and (28c) predict that

for a > 0

for a < O.

(30b. c)

(30d)

(31 )

when WI = W2• Therefore. two types of motion are possible depending on the magnitude
of f 2•
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If =~ < Ir, or r~ < (v,-1)/2, then =:(/,:) = =: = J(2/(v l -l» and WI = W: at

t,: = [3J(2(v, -1»+6(v l -l)/g+2vd I. (32)

. The subsequent motion is the s~me as phases 3 and 4 in Case I but with t" Z:(lI) and
W,(tl) replaced by t,:. =~(ld and fr',(t,:), respectively.

If ;~ ~ 1/" or ,: ~ (\',- 1)/2, then the left-hand travelling plastic hinge reaches the
left-hand support before shear sliding ceases at == 0+. Therefore. eqns (28)-(30) are valid
until =: = I/r at

(33)

The motion of a beam is now.goveqled by eqns (3a). (3c) and (3e) with q,o = -I, =, = I,
=, = O. =: = I/r. =~ = 0 and fr'o = W: which give

WI = 12u(vl -1)llg. fV: = 6u[l/r-2(1 +vz)/]r:/(g+3r)

rr', =6u(v l -l)t:/g

and

where W:([:) is obtained by substituting eqn (33) into eqn (3041).

Now, WI = fV z and shear sliding ceases at == 0+ when

(34a. b)

(34c)

(34d)

(35)

The ~ubsequentmotion is the same as phase 4 ofCase I but with W, (/z) and W1(t Z) replaced
by WI(/,z) and if/,(ld. respectively.

The final shear deformations for this case arc

(36a)

where Wts and I,: arc defined by eqns (25b) and (27f), respectively, and

(36b)

where rf':, and t,! arc defined by eqns (26b) and (32) or (35), respectively.

2.4. Case 11I,0 < VI ~ I and 3 < V:. ..

Equation (24c) indicates that WI < 0 and WI < 0 when V I < I. This is not permissible
bscause If, < q I (J = - I and yield violations of the shear force would occur in 0+ ~ =~ I, if
W, < O. The theoretical analysis in this section uses the velocity profile shown in Fig. II
with the entire beam on the right-hand side of the impact point remaining stationary
throughout the response. .

2.4.!. Phast' l, 0 ~ I ~ t". Equations (3) with WI = 0 and q,o = -I reduce to

and

(Wz=D' = 24u/g

qzo = g(Wzzz)'j8uv,

(3741)

(37b)

(37c)

Transverse shear slides develop at == 0- and 0+ after impact as shown in Fig. 11 and,
therefore, eqns (37) with Q20 = I become

(38a-c)
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Q:

Fig. II. First phase of molion for shear and bending response \\ilh 0 < V, .;; I and V: > 3 (Case III).

(38d,e)

si.nce ~~n = 2u, W2 = 0, Wn = 0 and W2 = 0 when I = O. Equations (38a) and (38b) give
~Y'n = W2 at

(39a,b)

2.4.2. Phase 2, I, I < I ~ ' 2, The shear sliding ceases at == 0 - :-vhen ! = I, I and the
subsequent motion in Fig. 12 is still governed by eqns (37) with Wo = W2• Thus, eqns
(2Ik) -(30) with I, I given by eqn (39a) are valid for this case until

(40)

which is obtained from cqn (29c) with =2 = I/r when the travelling plastic hinge reaches
the left-hand support.

Q: r--=+~--...e-----''---aOLL.:.-J

SOU H:l-C
Fig. 12. Case 111 when 1. , < I .;; 12,
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Fig. 13. Case III when I, < I ~ If.

2.4.3. Phase 3. (~ < ( ::::;; (r. The travelling plastic hinge at == - =~ reaches the left-hand
support at ( = (~ which is defined by eqn (40). The shear sliding at == 0" remains active
during subsequent motion as show'1 in Fig. 13. .

Equations (3c) and (3e) with WI = o. IT'u = IT'~. l/IU = -I. =~ = I/r and =~ = 0 give

(4Ia)

and

where

(41c)

is obtained from elln (29a) with =~ = I/r and IV~(t!) is found from eqns (30) with (,. and
(2 given by eqns (39a) and (40). respectively. .

The response duration is calculated from elln (4Ia) with W~ = O. or

(42a)

The associated maximum permanent transverse deformation is

(42b)

while the shear sliding at == 0" when motion ceases is

(43)

where W!, is defined by eqn (39b).

3. FINITE DEFLECTION BEHAVIOUR OF A RIGID PLASTIC CLAMPED BEAM STRUCK
TRANSVERsaY BY A MASS AT ANY POINT ON HIE SPAN

It is suggested by previous theoretical analyses and experimental evidence[6. 18] that
three phases of motion are necessary to describe the behaviour of a clamped beam struck
by a mass as shown in Fig. 2(a). A stationary plastic hinge develops at the impact point
== 0 during the first phase, while two travelling plastic hinges originate from the impact
point and travel towards the supports. The two parts of the beam between the stationary
and travelling plastic hinges rotate as rigid bodies about the travelling hinges. while the
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remainder of the beam remains undeformed. The second phase of motion commences at
t = t, when the right-hand travelling hinge reaches the right-hand support and finishes at
t = t~ when the left-hand travelling hinge reaches the left-hand support. The plastic bending
hinges remain stationary at the impact point and both supports during the final phase of
motion.

In order to simplify theoretical analyses. which retain finite deflection effects, it is
usually assumed that the membrane force N is constant throughout the span of a beam. It
is well known. e.g. Refs [14-16]. that the fully plastic membrane (string) state is reached
when the maximum transverse displacement equals the thickness of a perfectly plastic fully
clamped beam. Thus. if interest is confined to large plastic deformations. then it is reasonable
to let N = No throughout the response and use the square yield condition in Fig. I(a). It
was shown in Refs [9. 19] that transverse shear forces may exercise an important influence
during the early phase of motion when the displacements are small but are less important
for large displacements and are. therefore. not retained in the yield condition in this section.

3.1. First phase. 0 ~ t ~ t, .
The transverse velocity profile shown in Fig. 5 may be expressed in the form

o.
~Vo(l +=I=~).

Woo
Wo(l - =1=,).
o.

-llr~=~ -=i
-=1' ~ =~ 0-

==0

0" ~ =~ =,'
=t ~ =~ I

(44)

where =, = =2 during this phase of motion.
The transverse and moment equilibrium equations for the beam arc

... ..
=1 Wo + Wo=, = - Wo/g

and

since

C/IO = -C/20 = ~j:'o/811vl

where

Equations (45a) and (45b) can be rewritten in the form

and

because =, = 0 and Wo = 211 when t = O. Equations (46) give

which integrating. after multiplying by ~j:'o. predicts

since ~Vo = 0 at t = O.

(45a)

(45b)

(45c)

(46a)

(46b)

(47)

(48)
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The right-hand travelling plastic hinge reaches the right-hand support when t = t l and
the associated dimensionless transverse velocity is

WOI = 2/1/(1 +g) (49a)

according to eqn (46b), which substituting into eqn (48) gives the corresponding dimen­
sionless transverse displacement

WOI = {-I +J[I-II/'[g(2+g)!(1+g):-2 In (l+g)]/3g]}/2y. (49b)

3.2. Second phase. t l < t :::; t:
The right-hand plastic hinge remains at the right-hand support during this phase of

motion. while the left-hand plastic hinge continues to travel towards the left-hand support
as shown in Fig. 6:or

-I/r:::; : :::; -:2
-:~ :::; =:::; 0-

:=0
(50)

The transverse and moment equilibrium equations together with the transverse equi­
librium equation at the impact point == 0 give

(5Ia)

and

(51 b)

which may bc arranged in the form

Integrating eqn (52) with respect to time t. we obtain

Wo = 1211/D

(52)

(53a)

since =1 = =: = I at ( = (I' Will is given by cqn (49a) at t = II and where D is defined by
eqn (18). Equation (52) may also be written as

.. .
WII = -(3+2=1)g~VO=1/D. (53b)

Now. substituting eqn (53b) into cqn (5Ia) predicts the velocity of the travelling plastic
hinge

(53c)

which with cqn (53a) gives

(54)

since ~vo ==:cJf'o/c=:. Finally. the dimensionless transverse displacement during this phase
of motion is obtained by integrating eqn (54). or
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Wo+yW~ = 0.5ug{(36:~ + 54)/[(g-24)D)-(18:2 + 12+ 36/g)/D~

+3f(:~)/(g-24)}I;;(lI)+ a'o, +yW~1 (55)

where :~(tl) = 1, f(:~) is defined byeqn (20b) and WOI is the displacement at the impact
point when t = t l according to eqn (49b).

3.3. Final phase. t 2 < t ~ tr
The left-hand travelling plastic hinge (at: = -:~) reaches the left-hand support at

t = t~. The two parts of the beam then rotate as rigid bodies during this phase of motion
until all of the initial kinetic energy is dissipated as plastic work. The associated transverse
velocity profile is shown in Fig. 7, or

.:. {Wo(1 +:r).
W= .:.

Wo(\ -:).

-l/r ~: ~ 0

O~:~l.
(56)

It may be shown that the transverse and moment equilibrium equations of a beam
reduce to the expression

[g(1 +r)/3+r] ~Vo+41l(1 +r)r(1 +2yWo) = 0

which. intcgrating after multiplying by Wo• we obtain

:..., - - .,
0.5[g(1 +r)/3+r]Wu+41l(1 +r)r(Wo+YWu) = £

where

(57)

(58a)

(58b)

and W02 and W02 are the respective transverse velocity and displacement at the impact
point when :2 = I/r at the end of the secon~ phase of motion (t = t 2).

The motion of the beam ceases when ~TTO = 0 and, therefore, the maximum permanent
transverse deformation at the impact point is

wr+ywl = £/[4u(1 +r)r]

or

Wr = {- 1+ J[I + £y/[Il( 1+ r)r]]} /2y.

4. DISCUSSION

(59)

The theoretical analyses presented herein on the behaviour of clamped beams struck
transversely by a mass G at any point of the span is part of a larger study. Some particular
cases which correspond to the parameters which describe the experimental tests conducted
in the Department of Mechanical Engineering at the University of Liverpool are presented
in this paper. The experimental test results and comparisons with theoretical predictions
are presented in Ref. [20).

It can be shown that the theoretical analyses in Sections 2 and 3 satisfy both the
kinematic and static admissibility conditions, provided 9 < 3r2/v" approximately, which
embraces all the experimental tcst results. Otherwise, it is necessary to develop theoretical
solutions with alternative transverse velocity profiles. The maximum dimensionless per­
manent transverse deformation and transverse shear sliding deformation for some clamped
beams with rectangular cross-sections are plotted in Figs 14 and IS, where Qo = BHuo/2,
M o = BH2uo/4, No = BHuo and VI = Y = II/H. It is evident that the dimensionless
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w,

u

Fig. 14. Variation of ~r!r with II whcn r = I (mass strikcs at the midspan) and I,/H = 10 for beams
with rcct,lIlgu!ar cross-scctions: --, g = 10- I; '---',.q = 10 ~. 0. Bending only theoretical
solution; 0. shear and bending theoretical solutiun; 0. theoretical solution with influence of finite
dcllections for the slJuare yield condition in Fig. I(a) which circumscribes the e1l:;Ict yield condition;
<D. same as 0 c1l:cept for an inscrihing squarc yield condition which is 0.(118 limcs as large; 0.

theoretlc:,1 solution of Nonaka(71 which uses the e1l:;lct yield curve in Fig. 1(;1).
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~.50,,
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4 I
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I <] I,3 I .... if· 25
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u

Fig. 15. Variation of Wr/H with II when r = 0.1. Notation is defined in the caption to Fig. 14.
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maximum pennanent defonnation increases with the decrease of the mass ratio g. but the
difference is small when 9 changes from 10- s to 10- I. The theoretical predictions for the
dimensionless maximum pennanent transverse displacements according to the bending only
and shear and bending analyses are fairly similar in Figs 14 and 15. However. the transverse
shear effect dominates the response of a beam when the impact point is close to a support
since the maximum shear sliding defonnation equals the total maximum pennanent defor­
mation when vI ~ 1. The lines associated with the shear and bending analyses «D) in Figs
14 and 15 are tenninated when the maximum shear sliding equals the beam thickness[9].

The influence of the membrane force in a theoretical solution becomes increasingly
important with larger external dynamic energies. Therefore. the bending only and shear
and bending theoretical solutions are only valid for beams with axial restraints when the
transverse defonnations remain small.

The theoretical predictions in Section 3. obtained using the approximate square yield
curve in Fig. 1(a). do bound those in Fig. 14 with a parabolic yield curve when the impact
point is at the centre of the beam[7]. However. the theoretical analysis with the parabolic
yield curve has not been developed when the impact point is at any position on a beam.

The theoretical analysis in Section 3 indicates that when the mass ratio 9 is small
(gir~ « I) the deformation of the beam during the phases with moving plastic hinges is
very small. It transpires that almost all of the external dynamic energy is absorbed during
the final phase of motion in which two parts of the beam rotate as rigid bodies about
the supports. In this circumstance. the dimensionless maximum permanent transverse
deformation can be expressed approximately as

We = [-I +J[I +211"1/(1 +r»)JI2y (60)

which gives good agreement with the complete solution in Section 3. even when 9 = 0.1.
The various cases discussed in Section 2 arc valid for different ranges of v, which arc

obtained from the associated static admissibility conditions. It can be shown that when
I', < I the beam on the right-hand side of the impact point cannot rotate because
-Mu < M < Mu for => O' and this behaviour is classified 'IS Case III. When v, > I. the
theoretical analysis for Case III is no longer valid since IMI > M u at the clamped end.
Therefore. a plastic hinge develops at the clamped end and the right-hand side of the beam
rotates about the support. This behaviour is classified as Case II. It turns out that the
theoretical analysis for Case II is not valid when v, > 3 since IMI > M u occurs at == =, < I.
Thus. to overcome the dilliculty when VI > 3. Case I is defined with a plastic bending hinge
at == =, and the beam in the region =I < =< I remains stationary because the shear force
is zero at the location of the bending hinge at == =,.

The foregoing discussion shows that the transverse velocity profiles during the shear
sliding phases depend only on the parameter I' ,. or the length I, when Qu and M u are given.
Similar deformation profiles can be obtained for the left-hand side of the beam with a
different range of v1. or a different length of I~. which is assumed to be larger than II in this
paper without any loss in generality.

A complete theoretical solution which is valid for all values of the par'lmeters including
I'~ < 3 and 9 > 3r~/I', will be presented in another paper.

5. CONCLUSIONS

The transverse shear and bending response and finite deflection behaviour of clamped
beams struck transversely by a mass at any point of the span are examined in Sections
2 and 3. respectively. The transverse shear sliding and maximum permanent transverse
defonnations of a beam with. or without. axial restraints. can be obtained analytically.
When the mass ratio 9 is small (i.e. large striking mass). the maximum pennanent transverse
defonnation may be obtained from eqn (60).



270 J. H. Lit; and N. JOl'oes

Transverse shear forces may dominate the response when the impact point is close to a
support, while membrane forces, or finite deflections, are important for maximum transverse
deflections larger than the beam thickness, approximately.
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